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Abstract. Complex and real, vacuum spaces with both self-dual and anti-self-dual parts
of the Weyl tensor being of the type [N] are considered. Such spaces are classified ac-
cording to two criteria. The first one takes into account the properties of the congruences
of totally null, geodesic 2-dimensional surfaces (the null strings). The second criterion is
based on investigations of the properties of the intersection of these congruences. It is
proved that there exist six distinct types of the [N] ⊗ [N] spaces. New examples of the
Lorentzian slices of the complex metrics are presented. Also, some type [N]⊗ [N] spaces
which do not posses Lorentzian slices are considered.
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1 Introduction
In 1976 J.F. Pleban´ski and I. Robinson introduced the concept of hyperheavenly
spaces (HH-spaces) [19,20]. HH-spaces are defined as a 4-dimensional complex manifolds
which satisfy Einstein vacuum field equations and which self-dual (SD) or anti-self-dual
(ASD) part of the Weyl tensor is algebraically degenerate. It appeared that in HH-
spaces Einstein vacuum field equations could be reduced to the single, partial differential
equation of the second order (hyperheavenly equation) for one holomorphic function of
four variables called the key function. It seemed that HH-spaces offer a new technique
of finding exact solutions of Einstein field equations in vacuum. This technique consists
of three steps. First step: specialize hyperheavenly equation for such HH-spaces, that
SD and ASD parts of the Weyl tensor are of the same Petrov - Penrose type. Second
step: solve the hyperheavenly equation (possibly with symmetries). Third step: find real
Lorentzian slice of the complex metric generated by the solution of the hyperheavenly
equation. Particularly, HH-spaces give a new hope in finding twisting vacuum type [N]
solutions. As is known, all vacuum Lorentzian nontwisting type [N] metrics have been
found (pp-waves, Kundt class) or reduced to the single PDE of the second order (Robinson
- Trautman class). In contrary to the nontwisting case, only one vacuum Lorentzian
twisting type [N] metric is explicitly known. This is the famous Hauser metric found in
1974 [15]. A great effort has been done to find other metrics but without a considerable
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success. It has been expected that it is only a matter of time when some new twisting
type [N] solutions will be found as a Lorentzian slices of the type [N]⊗ [N] HH-spaces.
The first step of the technique described above has been fulfilled. In [22] the key
function for the type [N]⊗ [N] spaces has been presented in the useful form (see also [8]
for slightly different approach). Unfortunately, hyperheavenly equation for the complex
vacuum type [N] ⊗ [N] space still appears to be very hard to solve. Hence, the second
step is a serious challenge. There are a few attempts which investigate the vacuum
twisting type [N] ⊗ [N] spaces equipped with two symmetries [8, 12], but the result is
always the same: extremely advanced ODE, much more complicated then the equation
which appears in Hauser solution. HH-spaces of the type [N]⊗ [N] with one symmetry or
without any symmetries are even harder to solve [8,11,14]. Hyperheavenly equation splits
into the system of equations which is overdetermined. To make matters worse, the third
step is even more complicated that anyone could suspect. Except general analysis [23]
and a few examples [1, 4], no general techniques of obtaining real Lorentzian slices have
been developed so far.
It does not mean, of course, that HH-spaces are another dead end in the theoretical
physics. They play a great role in the 4-dimensional neutral geometries. Indeed, although
it is very hard to obtain real Lorentzian spaces from the HH-spaces, real spaces equipped
with the metric of the neutral signature (++−−) can be obtained very easily. It is enough
to replace all complex coordinates by the real ones and all holomorphic functions by the
real analytic ones. Recently 4-dimensional neutral geometries find their applications
in many issues of theoretical physics (Walker manifolds [2], Osserman manifolds [9],
integrable systems and ASD structures [10], rolling bodies [16, 17]).
The present paper is devoted to the complex and real vacuum HH-spaces of the type
[N]⊗ [N] and it has three main purposes. Namely we are going to:
1. obtain new examples of Lorentzian slices of the complex metrics.
Nontwisting, vacuum, real Lorentzian type [N] spaces are all known. It gives the
opportunity to investigate the question what steps should be taken to reconstruct
those solutions from the generic complex solutions. We succeeded in reconstruction
the Kundt class and the Robinson - Trautman solution. We believe, that these
new examples of Lorentzian slices of complex metrics are another step toward more
ambitious task, namely: general techniques of obtaining Lorentzian slices.
2. describe type [N]⊗ [N] spaces which do not admit any real Lorentzian slice.
HH-spaces of the type [N] ⊗ [N] are equipped with congruences of SD and ASD
totally null and totally geodesic 2-dimensional surfaces, called the null strings. The
important property of such family of surfaces is expansion (see subsection 3.1 for
details). Spaces equipped with expanding congruence of SD null strings and non-
expanding congruence of ASD null strings (or vice versa) are interesting examples
of the spaces which do not admit any Lorentzian slice. There are two subtypes of
[N] ⊗ [N] spaces with such a property. Considered as a real neutral spaces they
appear to be the Walker spaces. We investigate this in detail in the present paper.
3. find the detailed classification of the [N]⊗ [N] spaces.
Usually HH-spaces are classified according to properties of the congruences of the
null strings. We consider another criterion: the properties of the intersection of
these congruences.
In what follows it is assumed that cosmological constant vanishes. Hence, only vac-
uum case is considered. All considerations are purely local and complex (functions are
2
holomorphic, coordinates are complex). If coordinates are considered as the real ones
and functions as the real analytic ones then the corresponding space is real with neutral
signature metric. Consequently, all the metrics presented in the paper have real neutral
slices. To obtain real Lorentzian slices some subtle steps have to be introduced.
The paper is organized, as follows.
Section 2 is devoted to reminding basic knowledge on expanding hyperheavenly spaces
(definition, the metric, coordinate gauge freedom, symmetries). Also some basic infor-
mation about the congruences of SD and ASD null strings is presented. In section 3
we focus on the complex and real type [N] ⊗ [N] spaces. Properties of the intersection
of the congruences of SD and ASD null strings are investigated and new approach to
the problem of the classification of the type [N]⊗ [N] spaces is presented. There are six
different subtypes of the vacuum type [N]⊗ [N] spaces. Also, the key function for every
type of the considered spaces is found.
The main aim of the rest of the paper (sections 4-8) is to consider the corresponding
types in details. Einstein field equations in vacuum are completely solved or reduced
to the single equation. Much attention has been devoted to the symmetries which are
investigated in two steps. Firstly, we equip the space with single homothetic vector,
i.e., the vector which satisfies the equations ∇(aKb) = χ0gab. The second step consists of
specializing the results for the χ0 = 0 (homothetic vector is reduced to the Killing vector).
Then the second homothetic vector is admitted. Such approach covers all possible cases
with one symmetry (one homothetic or one Killing vector) and with two symmetries (one
Killing vector, one homothetic vector or two Killing vectors). Also, new examples of the
Lorentzian slices of the complex metrics are presented (subsections 5.1, 7.1.1 and 7.1.2).
Finally, the spaces considered in the sections 6 and 8 admit only real neutral slices. Only
very special classes of these spaces were considered earlier [5, 8].
2 Expanding HH-spaces of the type [N]⊗ [any]
2.1 The metric
In this section we present the brief summary of the formalism of expanding hyper-
heavenly spaces (HH-spaces) (see, e.g., [13, 20], see also our previous paper [8]). Except
expanding HH-spaces there are also nonexpanding HH-spaces. The difference between
them will be pointed out in the subsection 2.3. For our purposes it is necessary to collect
the basic facts about the first type of HH-spaces, i.e. about the expanding ones.
HH-space is a 4-dimensional complex analytic differential manifold equipped with the
holomorphic metric ds2 such that the self-dual (SD) or anti-self-dual (ASD) part of the
Weyl tensor is algebraically degenerate and such that the Einstein vacuum field equations
are satisfied Rab = 0.
In what follows we choose the orientation in such a manner that SD part of the Weyl
tensor is algebraically degenerate and moreover it is of the type [N]. Consequently, we
deal with the spaces of the type [N]⊗ [any]. The metric of such spaces reads
ds2 = 2φ−2
{
τ−1(dηdw − dφdt)− φWηη dt2 (2.1)
+(2Wη − 2φWηφ) dwdt+ (2Wφ − φWφφ) dw2
}
where (φ, η, w, t) are local coordinates called Pleban´ski - Robinson - Finley (PRF) co-
ordinates and τ is nonzero arbitrary constant. We use abbreviations Wη := ∂W/∂η,
Wηφ := ∂
2W/∂η∂φ, etc.. Function W = W (φ, η, w, t) is called the key function. Vacuum
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Einstein field equations are reduced to a single, nonlinear PDE of the second order, which
is called the expanding hyperheavenly equation
WηηWφφ −W 2ηφ + 2φ−1WηWηφ − 2φ−1WφWηη + (τφ)−1(Wwη −Wtφ) =
γ
τ 2
(2.2)
where γ = γ(w, t) is an arbitrary function called the structural function. Spinorial images
of the SD and ASD conformal curvature read
C1111 = C1112 = C1122 = C1222 = 0, C2222 = τφ
7γt (2.3a)
CA˙B˙C˙D˙ = φ
3WpA˙pB˙pC˙pD˙ (2.3b)
SD conformal curvature of the type [N] is characterized by the condition γt 6= 0, otherwise
the space reduces to the right conformally flat space. In (2.3b) ”spinorial notation” of
the coordinates (φ, η, w, t) is used. Relation between (φ, η, w, t) and (pA˙, qB˙) is given by
the equations
τpA˙ = ηJ A˙ + φKA˙ , τqA˙ = tJ A˙ + wKA˙ (2.4)
where JA˙ and KA˙ are constant spinors such that
KA˙JA˙ = τ 6= 0 (2.5)
Geometrical interpretation of the PRF-coordinates is explained in the subsection 2.3.
2.2 Coordinate gauge freedom
HH-spaces of the type [N] ⊗ [any] with Λ = 0 admit the coordinate gauge freedom.
The metric (2.1) remains invariant under coordinate transformations
w′ = w′(w), t′ = t′(t, w), φ′ = φλ−
1
2 , η′ =
λ−1
w′w
η + λ−
1
2
t′w
w′w
φ+ τσ (2.6)
where σ = σ(w, t) is an arbitrary function and λ = λ(w, t) is the function such that
t′t =: λ
− 1
2 . [Note that the coordinate w is somehow distinguished; this interesting fact
has a deep geometrical interpretation and it will be explained in the subsection 2.3]. The
coordinate transformations (2.6) and the additional gauge freedom of W give
(w′w)
2λ
3
2W ′ = W − 1
3
Lφ3 − 1
2
λw′w(σtη + σwφ)−M (2.7)
− 1
2τ
λ
1
2w′w
[
∂
∂t
(
t′t
w′w
)
η2 +
(
∂
∂t
(
t′w
w′w
)
+
∂
∂w
(
t′t
w′w
))
ηφ+
∂
∂w
(
t′w
w′w
)
φ2
]
and
(w′w)
2γ′ = γ − (w′w)
1
2 [(w′w)
− 1
2 ]ww (2.8)
where L = L(w) and M = M(w, t) are arbitrary gauge functions.
2.3 Congruences of the SD null strings
Complex Goldberg - Sachs theorem [18] says that any HH-space such that SD part
of Weyl tensor is algebraically degenerate admits existence of congruences of SD null
strings. It means that for every point p of HH-space there exist an open neighborhood U
of p and a 2-dimensional complex totally null SD distribution D2 on U which appears to
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be completely integrable. Family of integral manifolds of the distribution D2 constitute
the congruence (also called foliation) of totally null, totally geodesic, SD complex 2-
dimensional surfaces called SD null strings. The number of distinct congruences of SD
null strings is equal to the number of independent Penrose spinors. Because the space of
type [N] ⊗ [any] has only one undotted Penrose spinor, there is only one congruence of
SD null strings and it is uniquely determined by the Penrose spinor.
If we denote SD Penrose spinor by aA then CABCD = CaAaBaCaD (where C is pro-
portionality factor which can be absorbed into spinor aA, if desired) and the following
SD null string equations are satisfied
aB∇AC˙aB = aAMC˙ (2.9)
The crucial property of the congruence of SD null strings is burried in 1-index dotted
spinor field MC˙ which is called the expansion of the congruence of SD null strings. If
MC˙ = 0 then such congruence is called nonexpanding, if MC˙ 6= 0 then it is expanding.
Nonexpanding congruence is parallely propagated, i.e.
MA˙ = 0 ⇐⇒ ∇XV ∈ D2 for every vector field V ∈ D2
and for arbitrary vector field X
Consequently, if HH-space is equipped with the expanding congruence of SD null strings
we call such a space expanding HH-space. Nonexpanding HH-spaces are equipped with
the nonexpanding congruences of SD null strings.
Eqs. (2.9) in expanding HH-spaces can be rewritten in the form
aAMC˙ = a
B∂AC˙aB + a
BaSΓBSAC˙ (2.10)
where
∂AC˙ :=
√
2[∂C˙ ,ðC˙ ], ∂A˙ :=
∂
∂pA˙
, ðA˙ := φ
2
(
∂
∂qA˙
−Q B˙
A˙
∂B˙
)
(2.11)
QA˙B˙ := −2 J (A˙∂B˙)W − φ ∂A˙∂B˙W
ΓBSAC˙ are spinorial connection coefficients and they read
Γ111D˙ = 0 Γ112D˙ = −
√
2φ−1 JD˙ (2.12)
Γ121D˙ =
3√
2
φ−1 JD˙ Γ122D˙ = −
1√
2
φ ∂A˙(φQA˙D˙)
Γ221D˙ =
√
2φQD˙A˙J
A˙ Γ222D˙ = −
√
2φ2 ðA˙QA˙D˙
ΓA˙B˙1D˙ = −
√
2φ−1 J(A˙ ∈B˙)D˙ ΓA˙B˙2D˙ =
√
2φ
(
φ ∂(A˙QB˙)D˙+ ∈D˙(B˙ QA˙)C˙J C˙
)
In the HH-spaces of the type [N] ⊗ [any] the basis of 1-index undotted spinors is
chosen in such a manner that
aA = (0, r), r 6= 0 (2.13)
From (2.10) one finds
MA˙ = −
√
2φ−1rJA˙ (2.14)
so the expansion of congruence of SD null strings in expanding HH-spaces is proportional
to the spinor field JA˙.
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Coordinates pA˙ are coordinates on the null strings, while qA˙ play the role of parameters
labelling the null strings. From (2.4) we find that w = JA˙q
A˙ and t = KA˙qA˙ what shows
that there is a fundamental difference between PRF-coordinates w and t. Coordinate w
is related to the spinor JA˙ and, consequently, to the expansion of the congruence of SD
null strings.
The expanding (nonexpanding) HH-spaces of the SD type [N] will be denoted by
[N]e ⊗ [any] ([N]n ⊗ [any]).
2.4 Homothetic symmetries in HH-spaces of the type [N]e⊗[any]
Consider the vector field K which satisfies the following set of equations
∇(aKb) = χgab (2.15)
If χ = 0 then the vector field Ka is called the Killing vector field (Killing vector). If
χ = χ0 = const then vector field is called homothetic vector field (homothetic vector). It
reduces to Killing vector if χ0 = 0. If χ0 6= 0 then Ka is called the proper homothetic
vector field (proper homothetic vector). Finally, if ∇aχ 6= 0 then Ka is proper conformal
vector (which is called special if ∇b∇aχ = 0 and non-special if ∇b∇aχ 6= 0). Proper
conformal vectors in Einstein spaces are rare and they are admitted by the spaces of the
type [N,−]⊗ [N,−] only. Proper conformal vectors are not considered in this paper since
they have been analyzed elsewhere (see [3] for the type [N] ⊗ [N] and [7] for the type
[N]⊗ [−]).
Homothetic symmetries in expanding HH-spaces have been widely analyzed in [6,24].
It was proved that any homothetic vector in HH-spaces of the type [N]e ⊗ [any] can be
brought to the form
K = a
∂
∂w
+ b
∂
∂t
+ (bt − 2χ0)φ ∂
∂φ
(2.16)
+
(
(2bt − aw − 2χ0)η + bwφ− τ
) ∂
∂η
Set of ten Eqs. (2.15) have been reduced to the single master equation
K(W ) = −(4χ0 + 2aw − 3bt)W + αφ3 (2.17)
+
1
2τ
(
− bwwφ2 − bttη2 + (aww − 2btw)ηφ
)
+
1
2
(wφ+ tη) + β
where a = a(w) and b, α,  and β are functions of (w, t). Functions a, b and structural
function γ are related by one constraint equation
2aγw + 2bγt + 4γaw − awww = 0 (2.18)
Eq. (2.18) is, in fact, the integrability condition of Eq. (2.17).
Two important remarks should be done here. If the space admits two linearly in-
dependent homothetic vectors then without any loss of generality we can assume that,
at least, one of them is a Killing vector (the proof of this fact is straightforward, see,
e.g. [8]).
The second remark concerns the null homothetic vectors. In [5] spaces equipped with
such vectors have been considered in details. It was proved that proper null homothetic
vectors are admitted only by the spaces of the type [N]e ⊗ [III]n, [III]n ⊗ [−] and [N]e ⊗
6
[−]. Consequently, no spaces of the type [N]⊗ [N] admit proper null homothetic vector.
However, spaces of the type [N]⊗ [N] can be equipped with the null Killing vector. These
are all spaces of the type [N]n ⊗ [N]n (see section 4) and special subclass of the spaces of
the type [N]n ⊗ [N]e (see section 6).
3 Expanding HH-spaces of the type [N]⊗ [N]
3.1 Congruences of ASD null strings and their intersection with
congruences of SD null strings
In this section we consider spaces of the type [N] ⊗ [N], i.e., we assume, that ASD
part of the Weyl tensor is of the type [N]. According to the complex Goldberg - Sachs
theorem it follows, that such spaces admit congruence of ASD null strings, determined
by the dotted Penrose spinor aA˙ with the expansion given by the spinor MC
aB˙∇CA˙aB˙ = aA˙MC (3.1)
Eqs. (3.1) can be rewritten in the form
aB˙MA = a
M˙∂AB˙aM˙ + a
M˙aS˙ΓM˙S˙AB˙ (3.2)
For further purposes it is desired to write SD and ASD null strings equations (2.9) and
(3.1) in the form
∇AM˙aB = ZAM˙aB+ ∈AB MM˙ (3.3a)
∇AM˙aB˙ = Z˙AM˙aB˙+ ∈M˙B˙ MA (3.3b)
where ZAM˙ and Z˙AM˙ are Sommers vectors [21].
Both congruences of the null strings mutually intersect and these intersections con-
stitute the congruence of the (complex) null geodesic lines. The null vector tangent to
both null strings has the form KAB˙ = kaAaB˙. We decompose the covariant derivative of
the vector KAB˙ into its irreducible parts
∇ B˙A K N˙M = Ω B˙N˙AM +
1
2
∈AM lB˙N˙ + 1
2
∈B˙N˙ lAM + 1
4
∈AM∈B˙N˙ ξ (3.4)
where Ω B˙N˙AM = Ω
B˙N˙
(AM) = Ω
(B˙N˙)
AM , lAM = l(AM) and l
B˙N˙ = l(B˙N˙). For the null vector
KAB˙ = kaAaB˙ we easily find
Ω B˙N˙AM = ka(Ma
(N˙K B˙)A) (3.5a)
lB˙N˙ = −kaAa(N˙K B˙)A + 2ka(N˙M B˙) (3.5b)
lAM = −kaA˙a(MKA)A˙ + 2ka(MMA) (3.5c)
ξ = kaAaA˙KAA˙ + 2k(aAMA + aA˙M A˙) (3.5d)
where we used abbreviation KAB˙ := ∇AB˙ ln k+ZAB˙ + Z˙AB˙. Now we define the following
quantities
θ :=
1
2
∇aKa = −1
4
ξ (3.6a)
% :=
1
2
∇[aKb]∇aKb = 1
16
(lABl
AB + lA˙B˙l
A˙B˙) (3.6b)
s :=
1
2
∇(aKb)∇aKb − θ2 = 1
8
ΩABC˙D˙Ω
ABC˙D˙ − 1
32
ξ2 (3.6c)
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Scalars θ, % and s describe the invariant properties of the matrix∇aKb. In real Lorentzian
spaces with the null geodesic congruence being in the affine parametrization these scalars
have transparent geometrical interpretation. Namely, θ is the expansion of the congru-
ence, % = ω2 where ω is the twist of the congruence and s = σσ¯ where σ is shear of the
congruence. In complex (real neutral) spaces the interpretation of these parameters is
not clear yet, but, analogously as in Lorentzian spaces we call them expansion, twist and
shear, respectively, of the congruence of complex (real neutral) geodesics.
Using (3.5) we find
θ = −k
4
(aAaB˙KAB˙ + 2aAMA + 2aA˙M A˙) (3.7a)
% = −k
2
16
(
(aAaB˙KAB˙)2 + 2(aAaB˙KAB˙)(aAMA + aA˙M A˙) (3.7b)
+2(aAM
A)2 + 2(aA˙M
A˙)2
)
s = −k
2
8
(aAaB˙KAB˙ + aAMA + aA˙M A˙)(aAMA + aA˙M A˙) (3.7c)
Null geodesic congruence with optical properties described by Eqs.(3.7) is not presented
yet in the affine parametrization. Straightforward computations show that
KMN˙∇MN˙KAB˙ = kKAB˙
(
aMaM˙KMM˙ + aMMM + aM˙M M˙
)
(3.8)
so the congruence of the null geodesics is written in the affine parametrization if
aAaB˙(∇AB˙ ln k + ZAB˙ + Z˙AB˙) + aAMA + aA˙M A˙ = 0 (3.9)
Now we assume that the parameter k has been chosen in such a manner, that the equation
(3.9) is fulfilled (the congruence of null geodesics is in the affine parametrization). Then
Eqs. (3.7) simplify considerably and they read
θ = −k
4
(aAM
A + aA˙M
A˙) (3.10a)
% = −k
2
16
(
aAM
A − aA˙M A˙
)2
(3.10b)
s = 0 (3.10c)
Eqs. (3.10) determine the relation between properties of the congruences of the null
strings (MA, MA˙) and properties of the congruence of the null geodesics (θ, %). Note that
the expansion θ and the twist % do not depend on the Sommers vectors of the congruences
of the null strings but only on the expansions MA and MA˙.
3.2 Classification of the spaces of the type [N]⊗ [N]
Using (2.13), (2.14) and (3.10) one arrives at the relations which remain valid in all
expanding HH-spaces
θ ∼ aAMA + aA˙M A˙ = rM1 −
√
2φ−1raA˙J
A˙ (3.11a)
% ∼ aAMA − aA˙M A˙ = rM1 +
√
2φ−1raA˙J
A˙ (3.11b)
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We propose to gather the properties of the congruence of null geodesics in the affine
parametrization by using the following symbol: [et]. In this symbol e means expansion,
t means twist, e, t = {+,−} and
[++] : θ 6= 0, % 6= 0
[+−] : θ 6= 0, % = 0
[−+] : θ = 0, % 6= 0
[−−] : θ = 0, % = 0
At this point we arrive at the crucial idea of this paper. Complex spaces equipped
with the congruences of SD and ASD null strings can be classified according to properties
of these congruences (expanding, nonexpanding) and the properties of their intersection
([++], [+−], [−+], [−−]). Vacuum type [N]⊗ [N] spaces can be divided into six subtypes,
see Table 1.
Type considered in
{[N]n ⊗ [N]n, [−−]} section 4
{[N]e ⊗ [N]n, [−−]} section 6
{[N]e ⊗ [N]n, [++]} section 8
{[N]e ⊗ [N]e, [−−]} section 5
{[N]e ⊗ [N]e, [+−]} section 7
{[N]e ⊗ [N]e, [++]} see [8]
Table 1: Possible types of [N]⊗ [N] spaces.
Remark. Although we consider only vacuum spaces, such classification can be
considered also in non-vacuum spaces. In non-vacuum spaces one more type, namely
{[N]e ⊗ [N]e, [−+]}, appears. From the Raychaudhuri equation it follows that the type
{[N]e ⊗ [N]e, [−+]} does not exist in the vacuum case.
3.3 Key function for the type [N]⊗ [N]
The fact that ASD curvature is of the type [N] imposes strong restrictions on the key
function W . ASD conformal curvature (2.3b) can be written in the form
CA˙B˙C˙D˙ = φ
3(J(A˙JB˙JC˙JD˙)Wφφφφ − 4J(A˙JB˙JC˙KD˙)Wφφφη (3.12)
+6J(A˙JB˙KC˙KD˙)Wφφηη − 4J(A˙KB˙KC˙KD˙)Wφηηη +K(A˙KB˙KC˙KD˙)Wηηηη)
Contraction of (3.12) with ξA˙ξB˙ξC˙ξD˙ (where ξA˙ is an arbitrary nonzero spinor) gives
C(x, y) = CA˙B˙C˙D˙ξA˙ξB˙ξC˙ξD˙ (3.13)
= φ3(x4Wφφφφ + 4x
3yWφφφη + 6x
2y2Wφφηη + 4xy
3Wφηηη + y
4Wηηηη)
where x := JA˙ξ
A˙, y := −KA˙ξA˙. Hence C is fourth order polynomial in x and y. ASD
curvature is of the type [N] if the polynomial C has one quadruple root. Hence, it can be
written in the form C(x, y) = (f1y + f2x)4.
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The first possibility is Wηηηη = 0. This implies Wφηηη = Wφφηη = Wφφφη = 0. ASD
curvature has the form
CA˙B˙C˙D˙ = φ
3WφφφφJA˙JB˙JC˙JD˙ (3.14)
Consequently, Wφφφφ 6= 0 and 4-fold Penrose spinor is aA˙ = JA˙ (see subsection 3.4 for
details).
The second possibility is given by Wηηηη 6= 0. We obtain
Wηηηφ = hWηηηη (3.15)
Wηηφφ = hWηηηφ
Wηφφφ = hWηηφφ
Wφφφφ = hWηφφφ
where h = h(φ, η, w, t). ASD curvature has the form
CA˙B˙C˙D˙ = φ
3WηηηηaA˙aB˙aC˙aD˙ , aA˙ := hJA˙ −KA˙ (3.16)
Using (2.7) and (3.15) one finds the transformation law for h
w′w h
′ = λ−
1
2h− t′w (3.17)
The integrability conditions of the system (3.15) lead to only one equation
hφ = hhη (3.18)
Further steps depend on hη. If hη = 0 then hφ = 0 and finally h = h(w, t). In this case
function h can be gauged to zero, h = 0 (compare (3.17)). It implies Wφηηη = Wφφηη =
Wφφφη = Wφφφφ = 0. ASD curvature takes the form
CA˙B˙C˙D˙ = φ
3WηηηηKA˙KB˙KC˙KD˙ (3.19)
with 4-fold Penrose spinor aA˙ = KA˙. This case is considered in details in the subsection
3.5.
The most general case is characterized by Wηηηη 6= 0 and hη 6= 0. Solution of the Eq.
(3.18) is given by the formula
η + φh = f(h,w, t) (3.20)
where f = f(h,w, t) is an arbitrary function. This case is considered in the subsection
3.6.
3.4 Case Wηηηη = 0
3.4.1 Key function and properties of the congruences
In this case we have Wηηηη = Wφηηη = Wφφηη = Wφφφη = 0 i Wφφφφ 6= 0. 4-fold
Penrose spinor is JA˙. From (3.2) one gets Wηηη = 0 and
M1 = 0, M2 = −
√
2τ 2φ3Wηηφ (3.21)
Obviously θ = % = 0 (compare (3.11)). The general form of the key function reads
W (φ, η, w, t) = F (φ,w, t) + Aφη2 +Bηφ2 + Cη2 + nηφ+mη, Fφφφφ 6= 0 (3.22)
where A,B,C, n,m are arbitrary functions of (w, t) only. Expansion of the congruence
of ASD null strings depends on Wηηφ = 2A, so the possible types are
{[N]e ⊗ [N]e, [−−]} if A 6= 0
{[N]e ⊗ [N]n, [−−]} if A = 0
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3.4.2 Field equations
Inserting (3.22) into the hyperheavenly equation (2.2) one arrives at the system of
equations
4τAC − At = 0 (3.23a)
2τCB + Aw −Bt = 0 (3.23b)
4τAm+ 2Cw − nt = 0 (3.23c)
(2Aφ+ 2C)(φFφφ − 2Fφ) + (2Bφ+ n)(nφ+ 2m) (3.23d)
+
1
τ
(Bwφ
2 + nwφ+mw − Fφt)− γ
τ 2
φ = 0
Field equations (3.23) can be completely solved (see sections 5 i 6).
3.5 Case Wηηηη 6= 0, h = 0
3.5.1 Key function and properties of the congruences
Here we have Wφφφφ = Wφφφη = Wφφηη = Wφηηη = 0 and Wηηηη 6= 0, the 4-fold
Penrose spinor is KA˙. From (3.2) one finds Wφφ − φWφφφ = 0 and
M1 =
√
2τφ−1 (3.24)
M2 =
√
2τ 2φ(φ2Wφφη +Wη − φWφη)
Since M1 6= 0 the congruence of ASD null strings is always expanding. Moreover from
(3.11) it follows that θ 6= 0 and % = 0. This implies the space of the type
{[N]e ⊗ [N]e, [+−]}
Key function has the form
W (φ, η, w, t) = F (η, w, t) + Aφ3 +Bφη2 + Cηφ+mφ, Fηηηη 6= 0 (3.25)
where A,B,C,m are arbitrary functions of (w, t).
3.5.2 Field equations
From the hyperheavenly equation (2.2) we find
A = A(w) (3.26a)
B = B(t) (3.26b)
γ
τ 2
= C2 +
1
τ
Cw − 4Bm (3.26c)
2(Bη2 + Cη +m)Fηη − 2(2Bη + C)Fη − 1
τ
Fηw +
1
τ
(Btη
2 + Ctη +mt) = 0 (3.26d)
Such spaces are considered in section 7.
11
3.6 Case Wηηηη 6= 0, h 6= 0
3.6.1 Key function and properties of the congruences
In this case the key function satisfies the system of equations (3.15) together with the
condition Wηηηη 6= 0. 4-fold Penrose spinor is aA˙ = hJA˙ − KA˙. The equations of ASD
null strings aA˙aB˙∇AA˙aB˙ read
hφ − hhη = 0 (3.27a)
1
τ
(hw − hht) + φ(Wφφφ − 3hWφφη + 3h2Wφηη − h3Wηηη) (3.27b)
+(φhη − 1)(Wφφ − 2hWφη + h2Wηη) + 2hη(hWη −Wφ) = 0
[Remark. Note, that Eq. (3.27a) is exactly the integrability condition (3.18) of the Eqs.
(3.15)].
Expansion of the congruence of ASD null strings takes the form
M1 = −τ
√
2(hη + φ
−1) (3.28a)
M2 = −τ
√
2φ2ht + τ
2
√
2φ(1− φhη)(φWφη −Wη − hφWηη) (3.28b)
−τ 2
√
2φ3(h2Wηηη − 2hWφηη +Wφφη)
and the parameters of the congruence of null geodesics can be easily determined to be
θ ∼ −
√
2τr(hη + 2φ
−1) (3.29)
% ∼ −
√
2τrhη (3.30)
If % = 0 then hη = 0 =⇒ hφ = 0. This implies h = h(w, t) and finally h = 0 (compare
transformation formula (3.17)) what contradicts the basic assumption of this subsection,
namely h 6= 0. Assume now, that expansion θ = 0. From the Raychaudhuri equation it
follows, that in Einstein spaces the congruence of null geodesics which is nonexpanding
and shearfree is necessarily nontwisting. Consequently, both twist % and expansions θ are
nonzero in this case. The only possible types are
{[N]e ⊗ [N]e, [++]}
{[N]e ⊗ [N]n, [++]}
We do not consider the type {[N]e ⊗ [N]e, [++]} in this paper. Thorough analysis of
such spaces equipped with two homothetic vectors has been gathered in [8]. The type
{[N]e ⊗ [N]e, [++]} with one symmetry and without any symmetries is now intensively
analyzed but the results will be presented elsewhere.
In this paper we focus on the type {[N]e⊗ [N]n, [++]}. From (3.27a) and M1 = 0 the
solution for h can be easily found
h =
s(w, t)− η
φ
(3.31)
From (3.17) we find transformation law for s
w′w s
′ = λ−1s+ τw′wσ (3.32)
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Obviously, s can be gauged away without any loss of generality. Consequently, h = −η/φ
and this corresponds to the case f = 0 in (3.20)). Eqs. (3.15) can be written in the form
Wηηηφ = hWηηηη =⇒ (φWφ + ηWη − 3W )ηηη = 0 (3.33)
Wηηφφ = hWηηηφ =⇒ (φWφ + ηWη − 3W )ηηφ = 0
Wηφφφ = hWηηφφ =⇒ (φWφ + ηWη − 3W )ηφφ = 0
Wφφφφ = hWηφφφ =⇒ (φWφ + ηWη − 3W )φφφ = 0
Hence, φWφ + ηWη − 3W is a second order polynomial in φ and η with coefficients
depending on (w, t) only. This implies W (φ, η, w, t) = φ3 T (x,w, t) +W where W is a
second order polynomial in η and φ with (w, t)-depending coefficients and x := η/φ. The
only equations which remain to be solved are (3.27b) and M2 = 0. From these equations
it follows that linear factors in W vanish so, finally, the key function has the form
W (φ, η, w, t) = φ3 T (x,w, t) +
1
2
Aη2 +Bηφ− C
2τ
φ2 +D, x :=
η
φ
(3.34)
where A, B, C and D are arbitrary functions of (w, t).
3.6.2 Field equations
The hyperheavenly equation (2.2) under (3.34) splits into the set of equations
Aw −Bt = 0 (3.35a)
γ
τ 2
= B2 +
AC
τ
+
Bw
τ
+
Ct
τ 2
(3.35b)
(−Ax2 − 2Bx+ τ−1C)Txx + (2B + 2Ax)Tx + 1
τ
(Txw − 3Tt + xTxt) = 0 (3.35c)
The spaces {[N]e ⊗ [N]n, [++]} are investigated in section 8.
4 Type {[N]n ⊗ [N]n, [−−]}
Type {[N]n⊗[N]n, [−−]} is characterized by the existence of SD and ASD congruences
of the null strings which are both nonexpanding. They intersect along nonexpanding and
nontwisting congruence of complex null geodesics. To obtain this type one should consider
nonexpandingHH-space as a generic space and equip this space with additional structure
given by the nonexpanding congruence of ASD null strings. Such spaces have not been
described in section 2. However, the type {[N]n⊗ [N]n, [−−]} has been considered in [4,5].
For completeness we remind here that the metric of such space can be brought to the
form
ds2 = 2(dydp− dxdq + (N(p, q) +H(y, q)) dq2), Npp 6= 0, Hyy 6= 0 (4.1)
Such spaces admit automatically null Killing vector K0 = ∂x. In [4] Lorentzian slice of
the metric (4.1) has been found. First, introduce complex coordinate transformation,
namely
q =: u, x =: v, p =: ζ, y =: ζ¯ , N =: f, H =: f¯ (4.2)
The metric (4.1) takes the form
ds2 = 2(dζdζ¯ − dvdu+ (f(ζ, u) + f¯(ζ¯ , u)) du2) (4.3)
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At this stage the metric (4.3) is still the complex metric and bar does not mean anything.
However, if we consider the coordinates (u, v) as the real ones and coordinates (ζ, ζ¯) as the
complex ones (where bar denotes complex conjugation), then the metric (4.3) becomes
real metric of Lorentzian signature. It is exactly the famous pp-wave metric, so the metric
(4.1) can be called complex pp-wave metric.
We do not consider additional homothetic or Killing symmetries admitted by the
metric (4.1). The real Lorentzian case has been analyzed in details elsewhere (see [25] and
references therein). We only mention here, that the space of the type {[N]n⊗ [N]n, [−−]}
is the only non-conformally or non-half-conformally flat space which admits a proper
conformal vector (see [3] for complex case).
5 Type {[N]e ⊗ [N]e, [−−]}
In this section we analyze the spaces of type {[N]e ⊗ [N]e, [−−]}. The metric is
generated by the key function in the form (3.22) with A 6= 0 and it reads
ds2 = 2φ−2
{
τ−1(dηdw − dφdt)− φ(2Aφ+ 2C) dt2 (5.1)
−(2Bφ2 − 4Cη − 2m) dwdt
+(2Fφ − φFφφ + 2Aη2 + 2Bηφ+ 2nη) dw2
}
5.1 Generic case; no symmetries are assumed
From the Eq. (2.7) we find transformation formulas for the functions A,B,C,m and
n. With the help of the field equations (3.23a-3.23c) one finds that without any loss of
generality one can put A = 1, B = C = m = n = 0 so the key function reads
W (φ, η, w, t) = F (φ,w, t) + φη2, Fφφφφ 6= 0 (5.2)
The last remaining field equation (3.23d) reduces to the equation
2φ(φFφφ − 2Fφ)− 1
τ
Fφt − γ
τ 2
φ = 0 (5.3)
with the solution
Fφ = φ
2(g + f)− ftφ
2τ
, γ =:
1
2
ftt (5.4)
g = g(x,w), gxxx 6= 0, x := t− 1
2τφ
, f = f(w, t), fttt 6= 0
Finally, the metric reads
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2φ2dt2 +
(
2η2 − (gx + ft) φ
2τ
)
dw2
}
(5.5)
The metric (5.5) admits a real Lorentzian slice. First, we introduce complex trans-
formation of the variables
w =: u, t =:
ζ√
2
, x =: − ζ¯√
2
, η =: − v
2τ(ζ + ζ¯)2
, ft =:
√
2H(u, ζ), gx =:
√
2 H¯(u, ζ¯)
(5.6)
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Hence
ds2 = 2dζdζ¯ − 2du
(
dv − 2v
ζ + ζ¯
d(ζ + ζ¯)
)
(5.7)
+2
(
v2
(ζ + ζ¯)2
− (ζ + ζ¯)(H(u, ζ) + H¯(u, ζ¯))
)
du2
If we now consider the coordinates (u, v) as real ones and the coordinates (ζ, ζ¯) as complex
(where bar denotes the complex conjugation) then the metric (5.7) becomes real metric
with Lorentzian signature and it is well known as a metric belonging to the Kundt class
[25]. Kundt class is characterized by the existence of the nonexpanding and nontwisting
congruence of null geodesics, and pp-waves belong to this class as a special subclass. The
property which distinguishes these two kind of spaces is the existence of the null Killing
vector. Kundt class does not admit such a symmetry while pp-wave class does.
Our considerations prove that there is some deep difference between pp-waves and
Kundt class on the level of complexification of these spaces. The generic complex spaces
of both these classes are equipped with nonexpanding and nontwisting congruence of null
geodesics. The essential difference lies in the properties of the congruences of the null
strings. In the case of pp-waves both SD and ASD congruences are nonexpanding, while
in the case of the Kundt class both congruences are expanding. Hence
{[N]n ⊗ [N]n, [−−]} real Lorentzian slice−→ pp-waves
{[N]e ⊗ [N]e, [−−]} real Lorentzian slice−→ Kundt class
5.2 One symmetry
Inserting the key function in the form (3.22) into the master equation (2.17) we find
the equations which relate the metric functions A,B,C,m, n with functions a, b, , α, β.
They read
aAw + bAt + (2bt − 2χ0)A = 0 (5.8a)
aCw + bCt + btC +
1
2τ
btt = 0 (5.8b)
aBw + bBt + (bt + aw − 2χ0)B + 2bwA = 0 (5.8c)
anw + bnt + awn+ 2bwC − 2τA− 1
2τ
(aww − 2btw) = 0 (5.8d)
amw + bmt + (aw − bt + 2χ0)m− 2τC − 1
2
t = 0 (5.8e)
aFw + bFt + (bt − 2χ0)φFφ + bwφ(Bφ2 + nφ+m)− τ(Bφ2 + nφ+m) (5.8f)
+(4χ0 + 2aw − 3bt)F − αφ3 + 1
2τ
bwwφ
2 − 1
2
wφ− β = 0
We do not use the reduced form of the key function (5.2) because our priority is to
bring the homothetic vector to the simplest possible form. To do this we need the gauge
freedom which in the case with no symmetries assumed has been used to bring the key
function to the form (5.2). This is why we take as a starting point the general form of the
key function (3.22). After some work one finds, that homothetic vector can be brought
to the form with a = 1, b =  = 0. Namely
K1 = ∂w − 2χ0 (φ∂φ + η∂η) (5.9)
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Using gauge freedom and Eqs. (5.8a-5.8e) and (3.23a-3.23c) one finds the solutions
A(w) = e2χ0w, B(w, t) = (2χ0t+B0)e
2χ0w, C = m = n = 0 (5.10)
From the integrability condition (2.18) it follows that γ = γ(t). Eq. (5.8f) has the
solution
F (φ,w, t) = e−4χ0wH(y, t) + α˜(w, t)φ3, y := φe2χ0w (5.11)
where α˜ is an arbitrary function. The last equation which remains to be solved is the
field equation (3.23d) which takes the form
2(yHyy − 2Hy)− 1
τy
Hty +
2χ0
τ
(2χ0t+B0)y − 3α˜t
τ
φ− γ(t)
τ 2
= 0 (5.12)
Differentiation of the Eq. (5.12) with respect to w tells us that α˜(w, t) = f1(t)e
2χ0w +
f2(w). Function f2 can be gauged away with the help of the gauge function L(w). With
f2 = 0 the function f1 can be absorbed into H(y, t) (compare (5.11)). Hence, α˜ can be
put zero without any loss of generality. Solution of the Eq. (5.12) reads
Hy = y
2(g + f) + 2χ0(χ0t
2 +B0t)y
2 − ft
2τ
y, γ(t) =:
1
2
ftt (5.13)
g = g(x), gxxx 6= 0, x := t− 1
2τy
, f = f(t), fttt 6= 0
Finally, the metric can be brought to the form
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2e2χ0wφ2 dt2 − 2e2χ0w(2χ0t+B0)φ2 dwdt (5.14)
+
(
2e2χ0wη(η + φ(2χ0t+B0))− φ
2τ
(ft + gx)
)
dw2
}
One should mention also that as long as χ0 6= 0, the constant B0 can be gauged away.
5.3 Two symmetries
As a starting point we take the results from subsection 5.2 written for χ0 = 0. The
first Killing vector reads then K1 = ∂w. The key function has the form (3.22) with A = 1,
B = B0 = const, C = m = n = 0, F = H(φ, t) where
Hφ = φ
2(g + f)− ft
2τ
φ, g = g(x), gxxx 6= 0, x := t− 1
2τφ
, f = f(t), fttt 6= 0 (5.15)
The metric takes the form
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2φ2 dt2 − 2B0φ2 dwdt (5.16)
+
(
2η(η + φB0)− φ
2τ
(ft + gx)
)
dw2
}
Eqs. (5.8a-5.8e) give
a = a(w), b(w, t) = χ0t− 1
2
B0(a− χ0w) + b0, (w) = − 1
4τ 2
aww (5.17)
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where b0 is a constant. Eq. (5.8f) reads
bHt − χ0φHφ +B0bwφ3 − τB0φ2 + (χ0 + 2aw)H (5.18)
−α(w, t)φ3 + 1
2τ
bwwφ
2 − 1
2
wφ− β(w, t) = 0
Inserting (5.15) into the ∂φ(5.18), after some algebraic work one arrives at the condition
χ0aww = 0, so the cases χ0 = 0 and χ0 6= 0 must be considered separately.
5.3.1 Case χ0 6= 0
In the case of the proper homothetic vector we obtain a = w, b = χ0t,  = 0,
B0(χ0 − 1) = 0. The function g(x) reads
g(x) =

−g0 lnx− 2µ0x+ n0 for χ0 = 1
−2γ0(x lnx− x) +m0x+ n0 for χ0 = 2
g0χ
2
0
2(χ0 − 1)(χ0 − 2)x
2χ0−2
χ0 − 2µ0x+ n0 for χ0 6= {1, 2}
(5.19)
and f(t) has the form
1
2
f(t) =

−γ0 ln t+ µ0t+ ν0 for χ0 = 1
γ0(t ln t− t) + µ0t+ ν0 for χ0 = 2
γ0χ
2
0
2(χ0 − 1)(χ0 − 2)t
2χ0−2
χ0 + µ0t+ ν0 for χ0 6= {1, 2}
(5.20)
where γ0 6= 0, g0 6= 0, µ0, ν0, m0 and n0 are constants. Proper homothetic vector K2
reads
K2 = w∂w + χ0t∂t − χ0φ∂φ − η∂η (5.21)
In order to get the corresponding metric it is enough to insert (5.19) and (5.20) into
(5.16).
5.3.2 Case χ0 = 0
If the second vector is a Killing vector then we get
b = − 2
c0
aw,  = − 1
4τ 2
aww, a(w) =
 e
B0c0w
4 +
2b0
B0
for B0 6= 0
w for B0 = 0
(5.22)
Functions g(x) and f(t) read now
g(x) =
g0
c30
ec0x − B
2
0c
2
0
64
x2 − 2m0x+ n0 (5.23)
1
2
f(t) =
γ0
c20
ec0t +
B20c
2
0
128
t2 +m0x+ s0
where γ0 6= 0, g0 6= 0, c0 6= 0, m0, n0, s0 and b0 are constants. The Killing vector K2 has
the form
K2 = a∂w − 2aw
c0
∂t +
(
−awη − 2
c0
awwφ+
1
4τ
aww
)
∂η (5.24)
To obtain the metric one puts (5.23) into (5.16).
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6 Type {[N]e ⊗ [N]n, [−−]}
6.1 Generic case; no symmetries are assumed
The type {[N]e⊗ [N]n, [−−]} does not posses any Lorentzian slice. It is so because of
the different properties of the congruences of SD and ASD null strings. The key function
for this type has the form (3.22) with A = 0. It generates the metric (5.1) with A = 0.
The field equation (3.23a) is an identity. From the field equations (3.23b-3.23c) and from
the transformation formulas for the functions B,C,m and n one finds the solution
C = m = n = 0, B = B0 = const = {0, 1} (6.1)
Field equation (3.23d) reduces to the form
Fφt +
γ
τ
φ = 0 (6.2)
with the solution
Fφ = −fφ+ g, γ = τft (6.3)
f = f(w, t), ftt 6= 0, g = g(φ,w), gφφφ 6= 0
Inserting A = 0, (6.1) and (6.3) into (5.1) one arrives at the metric
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2B0φ2dwdt+ (2g − φgφ − fφ+ 2B0ηφ)dw2
}
(6.4)
Remark. Analysis of Eqs. (5.8) with A = 0 and with (6.1) proves that the metric
(6.4) with B0 = 0 admits the null Killing vector K0 = ∂η (see [5]).
6.2 One symmetry
Symmetries are determined by the Eqs. (5.8) with A = 0. Homothetic vector can be
brought to the form with a = 1, b =  = 0, i.e.
K1 = ∂w − 2χ0 (φ∂φ + η∂η) (6.5)
From the integrability condition (2.18) we find γ = γ(t). Eqs. (5.8b-5.8e) and (3.23b-
3.23c) can be easily solved and with the help of gauge freedom still available at our
disposal one gets the solutions
C = m = 0, B(w) = B0e
2χ0w, B0 = {0, 1}, n = n0 = const (6.6)
Eq. (5.8f) gives the solution for F
F (φ,w, t) = e−4χ0wH(x, t) + α˜(w, t)φ3, x := φe2χ0w (6.7)
where α˜ is an arbitrary function. The last equation which remains to be solved is the
field equation (3.23d). It reads
Hxt +
γ(t)
τ
x− τn20x− 2τn0B0x2 − 2χ0B0x2 + 3α˜tx2e−2χ0w = 0 (6.8)
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Differentiating (6.8) with respect to w we find the form of the α˜ function, namely α˜(w, t) =
f1(t)e
2χ0w +f2(w), but f2 can be gauged away (by using gauge function L(w)) and f1 can
be absorbed into H. This proves that α˜ can be put zero without any loss of generality.
Hence the solution of Eq. (6.8) reads
H(x, t) =
2
3
B0(χ0 + τn0)tx
3 +
1
2
(τn20t− f(t))x2 + r(x) + s(t), γ(t) =: τft (6.9)
The functions s(t) and r(x) are an arbitrary functions, but s(t) can be gauged away by
using the gauge function M . Denoting rx =: g(x) we arrive at the metric
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2B0e2χ0wφ2 dwdt (6.10)
+
(
2B0xη + 2n0η + e
−2χ0w ((τn20t− f)x+ 2g − xgx)) dw2}
The metric (6.10) can be equipped with additional, null Killing vector. Such a case
requires B0 = 0 and the null Killing vector reads then K0 = e
−2τn0w∂η.
6.3 Two symmetries
First, all results from subsection 6.2 we can adapt to the case of the Killing vector
K1 = ∂w. Inserting χ0 = 0 into the results from subsection 6.2 we find
C = m = 0, B = B0 = {0, 1}, n = n0 = const (6.11)
F (φ, t) =
2
3
B0τn0tφ
3 +
1
2
(τn20t− f(t))φ2 + r(φ), γ(t) =: τft
what generates the metric
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− 2B0φ2 dwdt (6.12)
+
(
2B0φη + 2n0η +
(
(τn20t− f)φ+ 2g − φgφ
))
dw2
}
with g(φ) := rφ.
Eqs. (5.8) read now
btt = 0, B0(bt + aw − 2χ0), 2τn0aw − aww + 2btw = 0,  = (w) (6.13)
bFt + (bt − 2χ0)φFφ + (4χ0 + 2aw − 3bt)F + bw(B0φ3 + n0φ2)− τ(B0φ2 + n0φ)
−αφ3 + 1
2τ
bwwφ
2 − 1
2
wφ− β = 0
To find the second homothetic vector one has to solve Eqs. (6.13). It must be remembered,
that all subcases with B0 = 0 admit additional, null Killing vector K0 = e
−2τn0w∂η.
The great number of subcases does not allow us to present any details. We give only
final results. All metrics of the spaces of the types {[N]e ⊗ [N]n, [−−]} equipped with
at least two symmetries can be obtained from (6.12). It is enough to put into (6.12)
functions f and g in the forms given below.
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6.3.1 Case B0 6= 0, χ0 6= 0
We obtain a(w) = w, b(w, t) = (2χ0 − 1)t + b0, if 2χ0 = 1 then necessarily b0 6= 0,
 = 0 = const and n0 = 0; 0 reads
0 =

τg0 − γ0
2τ 2B0
for χ0 =
3
2
(2χ0 − 3)(r0 − τν0)
2τ 2B0
for χ0 6= 3
2
(6.14)
and
g(φ) =

g0
(
1
2
φ2 lnφ− 3
4
φ2
)
+ 1
2
µ0φ
2 + ν0φ for χ0 = 1
−g0(φ lnφ− φ) + 12µ0φ2 + ν0φ for χ0 =
3
2
g0φ
4−2χ0
4(1− χ0)(3− 2χ0)(2− χ0) +
1
2
µ0φ
2 + ν0φ for χ0 6=
{
1,
3
2
, 2
} (6.15)
τf(t) =

−γ0b0
2
e
− 2t
b0 + r0 for χ0 =
1
2
γ0
2
ln(2t+ b0) + r0 for χ0 =
3
2
γ0
2χ0 − 3((2χ0 − 1)t+ b0)
2χ0−3
2χ0−1 + r0 for χ0 6=
{
1
2
,
3
2
} (6.16)
where g0 6= 0, γ0 6= 0, µ0, ν0 and r0 are constants.
Remark. Extremely interesting behavior of the ASD conformal curvature can be
observed in this subcase. For χ0 = 2 one gets gφφφ = 0, what causes that ASD confor-
mal curvature vanishes and the space automatically reduces to the right-conformally flat
space.
6.3.2 Case B0 6= 0, χ0 = 0
Here we have
b = −awt,  = 3aw(s0 − d0)
2τB0
, a(w) =

a0e
2
3
τn0w + const for n0 6= 0
w for n0 = 0
(6.17)
and
g(φ) =
g0
24
φ4 +
r0
2
φ2 + s0φ+
n0(s0 − d0)
2B0
(6.18)
f(t) = c0t
3 +
τn20
9
t+ d0
where a0 6= 0, g0 6= 0, c0 6= 0, r0, s0 and d0 are constants.
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6.3.3 Case B0 = 0, χ0 6= 0
The constant n0 must vanish in this case, n0 = 0. Moreover a(w) = w, b(w, t) =
c0t+ b0, but if c0 = 0, then necessarily b0 6= 0, and if c0 6= 0, then b0 = 0. We also get
(w) =

4s0(χ0 − 1)w + 0 for c0 = 0, χ0 6= 1
4s0(2− c0)w + 0 for c0 6= 2, χ0 = 1
g0(2− c0)w + 0 for c0 6= 2, χ0 6= 1, χ0 = c0 − 1
4s0(χ0 + 1− c0)w + 0 for c0 6= 2, χ0 6= 1, χ0 6= c0 − 1
(6.19)
g(φ) =

g0
(
1
2
φ2 lnφ− 3
4
φ2
)
+ 1
2
µ0φ
2 +
f0
τ
φ+ s0 for c0 6= 2, χ0 = 1
−g0(φ lnφ− φ) + 12µ0φ2 + r0φ+ s0 for c0 = 2, χ0 6= 1
g0
2
lnφ+ 1
2
µ0φ
2 +
f0
τ
φ+ s0 for c0 6= 2, χ0 6= 1, χ0 = c0 − 1
g0(2χ0 − c0)3
4(1− χ0)(2− c0)(χ0 − c0 + 1)φ
2(χ0−c0+1)
2χ0−c0
+1
2
µ0φ
2 +
f0
τ
φ+ s0 for c0 6= 2, χ0 6= 1, χ0 6= c0 − 1
(6.20)
τf(t) =

−γ0b0
2
e
− 2t
b0 + f0 for c0 = 0
τg0(χ0 − 1) ln(2t+ b0) + f0 for c0 = 2
γ0
c0 − 2(c0t+ b0)
c0−2
c0 + f0 for c0 6= {0, 2}
(6.21)
where g0 6= 0, γ0 6= 0, µ0, f0 and s0 are constants.
6.3.4 Case B0 = 0, χ0 = 0, n0 6= 0
In this case
a(w) =
a0
c0
ec0w + e0, b(w, t) =
(
1
2
− τn0
c0
)
awt (6.22)
and the constant c0 must satisfy the constraint 2τn0 6= c0. Moreover
(w) =

(
2s0a0
c0
+ 0e
2c0w
)
ec0w for 2τn0 = −3c0
(a0g0w + 0)e
c0w for 2τn0 = −c0(
2s0a0
c0
+ 0e
−(c0+2τn0)w
)
ec0w for 2τn0 6= {−c0,−3c0}
(6.23)
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g(φ) =

γ0
τ
(φ lnφ− φ) + 1
2
µ0φ
2 + r0φ+ s0 for 2τn0 = −3c0
g0
2
lnφ+ 1
2
µ0φ
2 +
f0
τ
φ+ s0 for 2τn0 = −c0
− g0(c0 − 2τn0)
3
8c0(3c0 + 2τn0)(c0 + 2τn0)
φ
2(2τn0+c0)
2τn0−c0
+1
2
µ0φ
2 +
f0
τ
φ+ s0 for 2τn0 6= {−c0,−3c0}
(6.24)
τf(t) =

γ0 ln t+
c20
4
t+ f0 for 2τn0 = −3c0
γ0(2τn0 − c0)
2τn0 + 3c0
t
2τn0+3c0
2τn0−c0 +
c20
4
t+ f0 for 2τn0 6= −3c0
(6.25)
where a0 6= 0, c0 6= 0, g0 6= 0, γ0 6= 0, µ0, r0, s0, f0 and 0 are constants.
6.3.5 Case B0 = 0, χ0 = 0, n0 = 0, aww = 0
In this case we find a(w) = w, b(t) = 1
2
(b0 + 1)t, where b0 is a constant such that
b0 6= −1. Function  reads
(w) =

−4s0w + 0 for b0 = 3
g0w + 0 for b0 = 1
2(1− b0)s0w + 0 for b0 6= {1, 3}
(6.26)
Then
g(φ) =

γ0
τ
(φ lnφ− φ) + 1
2
µ0φ
2 + r0φ+ s0 for b0 = 3
g0
2
lnφ+ 1
2
µ0φ
2 +
f0
τ
φ+ s0 for b0 = 1
− g0(b0 + 1)
3
8(b0 − 3)(b0 − 1)φ
2(b0−1)
b0+1
+1
2
µ0φ
2 +
f0
τ
φ+ s0 for b0 6= {1, 3}
(6.27)
τf(t) =

γ0 ln t+ f0 for b0 = 3
γ0(b0 + 1)
b0 − 3 t
b0−3
b0+1 + f0 for b0 6= 3
(6.28)
where g0 6= 0, γ0 6= 0, µ0, r0, s0, 0 and f0 are constants.
6.3.6 Case B0 = 0, χ0 = 0, n0 = 0, aww 6= 0
Last case is characterized by b(w, t) = 1
2
awt, (w) = 2s0a+ 0 and
g(φ) = − g0
24
φ−2 +
1
2
µ0φ
2 +
f0
2
φ+ s0 (6.29)
τf(t) = −γ0
3
t−3 +
c0
4
t+ f0
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Then a(w) is an arbitrary function which satisfies the equation awww = c0aw. Moreover,
g0 6= 0, γ0 6= 0, c0, f0, µ0, r0 i s0 are constants.
7 Type {[N]e ⊗ [N]e, [+−]}
7.1 Generic case; no symmetries are assumed
The key function is given by the formula (3.25) and it generates the metric in the
form
ds2 = 2φ−2{τ−1(dηdw − dφdt)− φ(Fηη + 2Bφ)dt2 (7.1)
+2Fη dwdt+ 2(Bη
2 + Cη +m)dw2}
Careful analysis of the transformation formulas for the functions A,B,C and m which
follow from (2.7) shows, that without any loss of generality one can put A = 0. Further
steps depend on the function B. Cases B = 0 and B 6= 0 must be considered separately.
7.1.1 Case B = 1
If B 6= 0 then one can put B = 1. Moreover A = C = 0 and m = m(w, t) 6= 0. From
(3.26) we get
γ
τ 2
= −4m, mt 6= 0 (7.2a)
2(η2 +m)Fηη − 4ηFη − 1
τ
Fηw +
1
τ
mt = 0, Fηηηη 6= 0 (7.2b)
The general solution of Eq. (7.2b) is not known. However, under additional ad hoc
assumption mw = 0 ⇐⇒ m = m(t) the solution reads
Fη = −mt(m+ η
2)
4τm
(
η
m+ η2
− 2τw + f
)
(7.3)
f = f(x, t), x := w +
1
2τm
1
2
arctg
(
η
m
1
2
)
Return now to the case with m = m(w, t). If we change the coordinates and function
F according to the formulas
φ =:
1
r
, t =: −τu, w =: 1
2
ζ¯ , Fη =: Σ(η, u, ζ¯) (7.4)
then the metric (7.1) and Eq. (7.2b) take the form
ds2 = −2drdu− (2τ 2rΣη + 4τ 2)du2 + r2
(
1
τ
dη + (η2 +m)dζ¯ − 2τΣ du
)
dζ¯ (7.5a)
2(η2 +m)Ση − 4ηΣ− 2
τ
Σζ¯ −
1
τ 2
mu = 0 (7.5b)
Consider the coordinate transformation η −→ ζ such that η(u, ζ, ζ¯) = τ−1(lnP )ζ¯ . Func-
tion P = P (u, ζ, ζ¯) is chosen in such a manner that 2τ 3 Σ(u, ζ, ζ¯) = (lnP )uζ¯ . Formulas
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(7.5) read now
ds2 = −2drdu− (r ∂u ln((lnP )ζζ¯) + 4τ 2)du2 (7.6a)
+r2
(
1
τ 2
(
τ 2m+ (lnP )2ζ¯ + (lnP )ζ¯ζ¯
)
dζ¯ +
1
τ 2
(lnP )ζζ¯ dζ
)
dζ¯
τ 2m+ (lnP )2ζ¯ + (lnP )ζ¯ζ¯ = h(ζ, ζ¯)(lnP )ζζ¯ (7.6b)
In (7.6b) function h is an arbitrary function, but it can be gauged away without any loss
of generality. Because m = m(u, ζ¯), differentiation of Eq. (7.6b) with respect to ζ gives
∂ζ¯(2P
2(lnP )ζζ¯) = 0. Choosing the constant τ in such a manner that 4τ
2 = ε := ±1 one
arrives at the final form of the metric
ds2 = −2drdu− (r ∂u ln(KP−2) + ε)du2 + 2r2
P 2
K
ε
dζdζ¯ (7.7)
In (7.7) functions P = P (u, ζ, ζ¯) and K = K(u, ζ) are constrained by the equation
2P 2(lnP )ζζ¯ = K (7.8)
It must be remembered that at this stage the metric (7.7) is still the complex metric (all
coordinates are complex, all functions are holomorphic, bar does not mean anything).
To get Lorentzian slice of the metric (7.7) we have to consider the coordinates (r, u)
as real ones, coordinates (ζ, ζ¯) as complex (where bar denotes the complex conjugation),
functions P and K as real analytic. Function K becomes the function of only one variable
u and admissible gauge freedom allows to bring it to the constant value, K = ε. The
metric (7.7) becomes real metric with Lorentzian signature where function P satisfies the
equation 2P 2(lnP )ζζ¯ = ±1. This is exactly the general class of the Lorentzian metrics
known as the vacuum type [N] Robinson - Trautman solutions (compare [25], Theorem
28.1 specialized for m = 0 and ∆ lnP = ±1).
7.1.2 Case B = 0
If B = 0 then A = m = 0 and C = C(w, t) 6= 0. From (3.26) one finds
γ
τ 2
= C2 +
1
τ
Cw (7.9)
2CηFηη − 2CFη − 1
τ
Fηw +
1
τ
Ctη = 0
This case can be simply solved and the solution reads
C =: fw, f = f(w, t), (τf
2
w + fww)t 6= 0 (7.10)
Fη = η(g + ft), g = g(x, t), x := ηe
2τf , (xg)xxx 6= 0
The metric (7.1) written in coordinates (φ, x, w, t) reads
ds2 = 2φ−2
{
1
τ
e−2τf dwdx− 1
τ
dφdt− φ(ft + (xg)x) dt2 + 2e−2τfxg dwdt
}
(7.11)
To find Lorentzian slice we change coordinates (φ, t, w) and the function f according to
the formulas
φ =:
1
r
, t =: −τu, w =: 1
2
ζ¯ , f(w, t) =:
1
τ
ln H¯, H¯ = H¯(u, ζ¯), τ 2 xg =: G(x, u) (7.12)
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Feeding (7.11) with (7.12) one arrives at the form
ds2 = −2drdu+ 2r(∂u ln H¯ −Gx) du2 + r
2
τH¯2
(dx− 2Gdu)dζ¯ (7.13)
Then we note that there exist functions h = h(x, u) and ζ = ζ(x, u) such that
1
2τ
(dx− 2Gdu) = 1
h2
dζ (7.14)
(it is so, because in two dimensions each vector is proportional to a gradient). Treating
now ζ as an independent variable one finds Gx = −∂u lnH where H(u, ζ) := h(x(ζ, u), u).
Finally we obtain the metric in the form
ds2 = −2drdu+ 2r ∂u ln(HH¯) du2 + 2r
2
H2H¯2
dζdζ¯ (7.15)
Consider now the coordinates (r, u) as real ones and the coordinates (ζ, ζ¯) as complex
(where bar denotes the complex conjugation). The metric (7.15) becomes the real metric
with Lorentzian signature. This is exactly a special class of the vacuum type [N] Robinson
- Trautman metrics (compare [25], Theorem 28.1 specialized for m = 0 and ∆ lnP = 0).
Hence
{[N]e ⊗ [N]e, [+−]} with B 6= 0 real Lorentzian slice−→ Robinson - Trautman solution
with ∆ lnP = ±1
{[N]e ⊗ [N]e, [+−]} with B = 0 real Lorentzian slice−→ Robinson - Trautman solution
with ∆ lnP = 0
7.2 One symmetry
Putting the key function (3.25) into the master equation (2.17) the relations between
functions F,A,B,C,m and a, b, , α, β can be found. They read
aAw + (2aw − 2χ0)A− α = 0 (7.16a)
bw = 0 (7.16b)
bBt + (2bt − 2χ0)B = 0 (7.16c)
aCw + bCt + awC − 2τB − 1
2τ
aww = 0 (7.16d)
amw + bmt + (2χ0 + 2aw − 2bt)m− τC − 1
2
w = 0 (7.16e)
aFw + bFt + (2bt − aw − 2χ0)ηFη − τFη (7.16f)
+(4χ0 + 2aw − 3bt)F + 1
2τ
bttη
2 − 1
2
tη − β = 0
7.2.1 Case B = 1
With A = C = 0, B = 1 and m = m(w, t) 6= 0 one finds that the proper homothetic
vector can be always brought to the form
K1 = χ0 (∂w + t∂t − φ∂φ) (7.17)
25
and the solutions of the system (7.16) are
m = m(x), mx 6= 0, F = t−1H(η, x), Hηηηη 6= 0, x := w − ln t (7.18)
The field equation (7.2b) reduces to the linear second order PDE
2(η2 +m)Hηη − 4ηHη − 1
τ
Hηx − 1
τ
mx = 0 (7.19)
For the Killing symmetries we find two possibilities. The first is
K1 = ∂w + ∂t (7.20)
Hence
m = m(x), mx 6= 0, F = H(η, x), Hηηηη 6= 0, x := w − t (7.21)
and the field equations reduce to the same equation (7.19) but with x defined by (7.21).
The second possibility is the Killing vector in the form
K1 = ∂w (7.22)
In this case the general solution can be found and it reads
Fη = −mt(m+ η
2)
4τm
3
2
(
m
1
2η
m+ η2
+ arctg
(
η
m
1
2
)
+ g
)
, g = g(t) (7.23)
m = m(t), mt 6= 0
Remark: Substitution Hη = e
G −m− η2 reduces Eq. (7.19) to the following linear first
order PDE
2(m+ η2)Gη − 1
τ
Gx − 4η = 0 (7.24)
which looks better then the Eq. (7.19) but still the general solution is unknown.
7.2.2 Case B = 0
Here, analogously as before, we find two possibilities. The first is characterized by
a = 1 and b = 0. The homothetic vector reads
K1 = ∂w − 2χ0 (φ∂φ + η∂η) (7.25)
and the solution has the form (7.10) with
f(w, t) = Cw, C = C(t), g(x, t) = h− Ct lnx
2τC − 2χ0 , h = h(t) (7.26)
where C = C(t) and h = h(t) are arbitrary functions. Finally
Fη = η
(
h− Ct lnx
2τC − 2χ0 + Ctw
)
, x := ηe2τf (7.27)
Because Fηηηη ∼ Ct there is only one condition for both SD and ASD curvature being
nonzero and it reads Ct 6= 0.
The second possibility involves a = b = 1 so homothetic vector has the form
K1 = ∂w + ∂t − 2χ0 (φ∂φ + η∂η) (7.28)
what implies the solution
C = fz, f = f(z), z := w − t, (τC2 + Cz)z 6= 0 (7.29)
Fη = η(g − C), g = g(y), y := xe2χ0t, x := ηe2τf , (yg)yyy 6= 0
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7.3 Two symmetries
As a starting point we take the results from the subsection 7.2 written for χ0 = 0.
7.3.1 Case B = 1, K1 = ∂w
One arrives at the following form of the second, proper homothetic or Killing vector
K2 =

w∂w + χ0t∂t − χ0φ∂φ − η∂η for χ0 6= 0
w∂w + b0∂t − η∂η for χ0 = 0
(7.30)
and the function m reads
m(t) =

m0t
− 2
χ0 dla χ0 6= 0
m0e
− 2t
b0 dla χ0 = 0
(7.31)
The solution for Fη is exactly the same as (7.23) but with g = g0 = const.
7.3.2 Case B = 1, K1 = ∂w + ∂t
Consider first the case with the second vector being the proper homothetic one, χ0 6= 0.
It can be brought to the form
K2 = χ0 (w∂w + t∂t − φ∂φ − η∂η) (7.32)
With this second symmetry assumed, the field equation (7.19) can be solved. Functions
m(x) and Fη(η, x) are
m(x) = m0x
−2, x := w − t, m0 6= 0 (7.33)
Fη = −2
τ
m0x
−2e−h
∫
ehdy
2y2 − τ−1y + 2m0 , h(y) :=
∫
(2τ−1 − 4y)dy
2y2 − τ−1y + 2m0 , y := xη(
e−h
∫
ehdy
2y2 − τ−1y + 2m0
)
yyy
6= 0
Solution for Fη is nasty, but it can be written in the simpler form. To do this we use
the ambiguity in the constant τ and we put 4m
1
2
0 τ = −1. The integrals in (7.33) can be
calculated and we arrive at the formulas
Fη = −2m0x−2s−2(s2 − 2s+ 2 + h0e−s), s := 2m
1
2
0
xη +m
1
2
0
, h0 6= 0 (7.34)
However, if the second symmetry is given by a Killing vector, we find its form as
K2 = e
a0w
(
∂w +
(
a20
4τ
− a0η
)
∂η
)
(7.35)
where a0 6= 0 is a constant. Functions m and Fη read
m(x) = m0e
−2a0x − a
2
0
16τ 2
, x := w − t, m0 6= 0, a0 6= 0 (7.36)
Fη = −e−a0x
(
a0y
2τ
+
a0(m0 + y
2)
2τm
1
2
0
(
arctg
(
y
m
1
2
0
)
+ h0
))
, y := ea0x
(
η − a0
4τ
)
27
7.3.3 Case B = 0, K1 = ∂w
The second homothetic vector can be brought to the form
K2 = w∂w + t∂t + (1− 2χ0) (φ∂φ + η∂η) (7.37)
Now the solution is
Fη =
η
2τt
(
h0 + ln(ηt
2χ0−1)
)
, C(t) = C0t
−1, C0 6= 0 (7.38)
7.3.4 Case B = 0, K1 = ∂w + ∂t
In this case the second homothetic vector has the form
K2 = w∂w + t∂t + (1− 2χ0) (φ∂φ + η∂η)− τ∂η (7.39)
Then we get
Fη = η(g − C), g = g(x), x := ηz2τC0 , C = C0z−1, z := w − t, C0 6=
{
0,
1
τ
}
(7.40)
Functions  and g read
(z) =

0 dla χ0 6= {τC0, τC0 + 12 , τC0 + 1}
0z
−2tC0 dla χ0 = τC0 + 12 , 0 6= {0, 1τ , 12τ }
(7.41)
g(x) =

g0x
1
2χ0−2τC0−1 dla χ0 6= {τC0, τC0 + 12 , τC0 + 1}, g0 6= 0
g0x
1−τ0
τ0 dla χ0 = τC0 +
1
2
, 0 6= {0, 1τ , 12τ }, g0 6= 0
(7.42)
8 Type {[N]e ⊗ [N]n, [++]}
The spaces considered in this section provide us with the second example of the spaces
which do not posses real Lorentzian slices, but only neutral slices. The congruence of the
null geodesics is twisting. General form of the key function (3.34) generates the metric
ds2 = 2φ−2
{
τ−1(dηdw − dφdt)− φ(φTxx + A) dt2 (8.1)
+(2φηTxx − 2φ2Tx + 2Aη) dwdt
+(2φηTx − η2Txx − τ−1Cφ+ 2Bη) dw2
}
Obviously, the function D does not enter into the metric and it can be gauged away, what
we treat as done in the next sections.
28
8.1 Generic case; no symmetries are assumed
From (3.35a) it follows that A = rt and B = rw, where r = r(w, t) is an arbitrary
function. Careful analysis of the formula (2.7) leads to the transformation rule for r
r′ = r +
1
2τ
ln(λw′w) (8.2)
Hence, r can be gauged away what implies A = B = 0. The key function reads now
W (φ, η, w, t) = φ3 T (x,w, t)− C(w, t)
2τ
φ2 (8.3)
and the field equation (3.35c) reduces to the form
C Txx + Txw − 3Tt + xTxt = 0 (8.4)
Gathering, the metric of the complex Einstein spaces of the type {[N]e⊗ [N]n, [++]} can
be always brought to the form
ds2 = 2φ−2
{
τ−1(dηdw − dφdt)− φ2Txx dt2 (8.5)
+(2φηTxx − 2φ2Tx) dwdt+ (2φηTx − η2Txx − τ−1Cφ) dw2
}
where function T (x,w, t) satisfies Eq. (8.4) and C = C(w, t) is an arbitrary function such
that Ctt 6= 0. Structural function γ = Ct.
Remark. Interesting fact is, that the vacuum Einstein equations in the spaces of
the type {[N]e ⊗ [N]e, [++]} give an overdetermined system of three equations for two
functions of three variables (see, e.g., [8]). The lack of expansion of the congruence of
ASD null strings allows to reduce vacuum Einstein field equations to the single equation
(8.4) for one function T of three variables. It proves, that existence of the nonexpanding
congruence of null strings is a very strong geometrical constraint.
8.2 One symmetry
In this section we equip the space of the type {[N]e ⊗ [N]n, [++]} with additional
symmetry given by the homothetic vector. Putting the general form of the key function
(3.34) into the master equation (2.17) one finds  = β = 0 and the equations which relate
the functions A,B,C and T with functions a, b and α
aTw + bTt + ((bt − aw)x+ bw)Tx + (2aw − 2χ0)T − α = 0 (8.6a)
aAw + bAt + btA+
1
τ
btt = 0 (8.6b)
aBw + bBt + awB + bwA− 1
2τ
(aww − 2btw) = 0 (8.6c)
aCw + bCt − 2τBbw + (2aw − bt)C − bww = 0 (8.6d)
[Note, that we do not use here simplifications which were essential in the case with no
symmetry (A = B = 0). The reason why we keep A and B nonzero is as follows.
The gauge freedom which is offered by the function λ(w, t) plays a very important role
in simplification of the form of homothetic vector. It is impossible to use λ to make
A = B = 0 and to simplify the homothetic vector simultaneously. It appears, that better
solution is to utilitize λ to simplify the homothetic vector.]
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Detailed analysis gives us the form of the homothetic vector as
K1 = ∂w − 2χ0 (φ∂φ + η∂η) (8.7)
Eqs. (8.6b-8.6d) together with Eq. (3.35a) imply A = A(t), B = B0 = const, C = C(t).
Eq. (8.6a) gives T (x,w, t) = e2χ0wH(x, t)+H˜(w, t). Analysis of the field equation (3.35c)
shows that H˜(w, t) = e2χ0w(f1(w)+f2(t)), but f1(w) can be gauged away with the help of
the gauge function L(w) and f2(t) can be absorbed into H(x, t). Finally, the key function
takes the form
W (φ, η, w, t) = φ3e2χ0wH(x, t) +
A(t)
2
η2 +B0ηφ− C(t)
2τ
φ2, x :=
η
φ
(8.8)
The gauge freedom still available enables us to put A = 0 without any loss of generality.
The last equation that remains to be solved is the Eq. (3.35c), which reads now
(−2τB0x+ C)Hxx + (2τB0 + 2χ0)Hx + xHxt − 3Ht = 0 (8.9)
Structural function γ(t) takes the form
γ
τ 2
= B20 +
1
τ 2
Ct, Ctt 6= 0 (8.10)
Gathering, the metric of the vacuum space of type {[N]e ⊗ [N]n, [++]} with one sym-
metry given by the homothetic vector K1 can be brought to the form
ds2 = 2φ−2
{
τ−1(dηdw − dφdt)− φ2e2χ0wHxx dt2 (8.11)
+2e2χ0wφ2(xHxx −Hx) dwdt
+(2B0η − τ−1Cφ− e2χ0wηφ(xHxx − 2Hx)) dw2
}
where C(t) is an arbitrary function such that Ctt 6= 0 and H(x, t) satisfies the equation
(8.9).
8.3 Two symmetries
The detailed discussion concerning type {[N]e⊗ [N]n, [++]} with two homothetic sym-
metries has been presented in [8]. Hence, we collect here only brief summary of the results
from [8]. As a starting point we take the results from the subsection 8.2 written for the
χ0 = 0 (the first Killing vector is K1 = ∂w). Moreover, we do not gauge away function
A. The key function reads now
W (φ, η, w, t) = φ3H(x, t) +
1
2
A(t)η2 +B0ηφ− C(t)
2τ
φ2, x :=
η
φ
(8.12)
the structural function is
γ
τ 2
= B20 +
AC
τ
+
Ct
τ 2
(8.13)
and H(x, t) satisfies the equation
(−τAx2 − 2τB0x+ C)Hxx + (2τAx+ 2τB0)Hx + xHxt − 3Ht = 0 (8.14)
Further steps consist of analysis of Eqs. (8.6) written for the second homothetic
vector. The analysis is long and tedious but finally we arrive at the following form of K2
K2 = w∂w + t∂t + (1− 2χ0) (φ∂φ + η∂η) (8.15)
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and we get
A(t) = A0t
−1, B0 = 0, C(t) = C0t−1 (8.16)
The key function reads
W (φ, η, w, t) = φ3(t2χ0−2u(x) + H˜(t)) +
A0
2
η2
t
− C0
2τ
φ2
t
(8.17)
Function H˜(t) satisfies the relation 3H˜t = −τH0t2χ0−3 where H0 is some constant. How-
ever this equation is not important at all, because H˜(t) does not enter into the metric.
Structural function γ reads
γ(t) = (τA0 − 1)C0t−2, C0 6= 0, τA0 − 1 6= 0 (8.18)
The field equation (8.14) reduces to the equation for u(x)
(A0x
2 − τ−1C0)d
2u
dx2
− 2τ−1(τA0 + χ0 − 1)xdu
dx
+ 6τ−1(χ0 − 1)u+H0 = 0 (8.19)
The metric takes the form
ds2 = 2φ−2
{
1
τ
(dηdw − dφdt)− φ
(
A0
t
+ φt2χ0−2
d2u
dx2
)
dt2 (8.20)
+
(
2φ2t2χ0−2
(
x
d2u
dx2
− du
dx
)
+
2A0
t
φx
)
dwdt
+
(
φ2t2χ0−2x
(
2
du
dx
− xd
2u
dx2
)
− C0
τt
φ
)
dw2
}
The metric (8.20) does not depend on u, but on du/dx. Denoting U(x) := du/dx we
arrive at the equation
(A0x
2 − τ−1C0)d
2U
dx2
− 2
τ
(χ0 − 1)xdU
dx
+
(
4
τ
(χ0 − 1)− 2A0
)
U = 0 (8.21)
Both equations (8.19) and (8.21) have been solved in [8].
9 Concluding remarks
In the present paper we have investigated the complex and real vacuum type [N]⊗ [N]
spaces. Well known classification of such spaces uses the properties of the congruences
of SD and ASD null strings. In our approach additional criterion has been used: we
consider the properties of the intersections of these congruences. Such approach leads to
six distinct types of the [N] ⊗ [N] spaces (see Table 1). The most general one has been
discussed in our previous paper [8]. Remaining five types are analyzed from the point of
view of the different signatures of the metric. Also, homothetic and Killing symmetries
of these types are considered.
Although vacuum type [N] spaces have been considered many times by many authors,
we were able to obtain a few interesting and new results:
1. Three examples of the Lorentzian slices of the complex metrics are found. The first
one (the metric (5.7)) leads to the Kundt class. The second one (the metric (7.7))
and the third one (the metric (7.15)) lead to the Robinson - Trautman solution.
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2. Some new interpretation of the difference between pp-waves class and Kundt class as
considered on the level of complexification of these spaces is given. It appears, that
congruences of SD and ASD null strings of these classes have different properties
(for pp-wave metrics both these congruences are nonexpanding, for the Kundt class
both are expanding).
3. Two types of spaces which are equipped with the congruences of SD and ASD
null strings of the different properties ({[N]e ⊗ [N]n, [−−]},{[N]e ⊗ [N]n, [++]}) are
investigated in all details. Such types posses only real neutral slice. Especially
interesting is the type {[N]e ⊗ [N]n, [++]} which admits the congruence of null
geodesics with nonzero twist.
The further investigations could be focused on the following issues:
1. The similarity between the equation which describes the Hauser solution and the
equation (8.21) is obvious. It suggests that similarities between type {[N]e ⊗
[N]e, [++]} and {[N]e ⊗ [N]n, [++]} can appear also in the cases with only one
symmetry and without any symmetries. The importance of the vacuum type
{[N]e⊗[N]e, [++]} in models of gravitational waves justifies further investigations of
similarities between these two types. Particularly the natural question arises: if the
vacuum Einstein field equations for the type {[N]e⊗ [N]e, [++]} with no symmetries
can be reduced to a single equation?
2. No explicit examples of the spaces of the type {[N]e ⊗ [N]n, [++]} with no symme-
tries and with one symmetry have been found so far. Eqs. (8.4) and (8.9) are so
interesting that they deserve further investigations.
3. All considerations could be generalized to the case with nonzero cosmological con-
stant.
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